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Abstract

We shall review the following subjects:

e Basic theory of elliptic functions and modular forms;
e Relationship between infinite products and number theory;
e Processes of creation by great mathematicians.
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81. Introduction

1.1. Aim of this lecture. We explain a basic theory of elliptic functions and modular

forms based on the infinite products by Euler and Jacobi:

e Fuler: sinx:xH <1—22>.
n4m

n=1

e FEuler’s pentagonal number theorem:

H(l _ qn) — Z (_1)mqm(3m—1)/2
n=1 m=—00
= 1+ (=¢'+¢" —q? 4+ )+ (=*+q¢" —¢°+--)

m>0 m<0
(1,5,12,... are pentagon numbers).

e Jacobi’s triple product identity:

[[a-a+atoa+a ¢ =Y ¢m¢m
n=1 m=—00

Further, we introduce a recent development called Borcherds products on this theory.

Contribution of elliptic functions and modular forms to number theory.

(1)

A theorem of Jacobi (1804 — 1851) states that for any positive integer n,

4
m?=mnp =28 d,
=1

ﬁ {(mh ma,ms, m4) € Z4
0<d|n,4td

where #S denotes the number of elements of a finite set S. This theorem is obtained
by comparing the coefficients of ¢" in the following formula

4 o
<Z qm2> = 1—32201(71/4)q”+8201(n)q”,
4|n n=1

meZ

where o1(n) denotes the sum of positive divisors of n. This formula was proved
by Jacobi using his theory of elliptic functions, and later was understood as an
equality between modular forms of weight 2 and level 2.

A conjecture of Fermat (1601 — 1665) or Fermat’s last theorem states that if n is
an integer > 3, then there is no positive integer a, b, ¢ such that a™ + " = ¢”. This
conjecture was finally proved in the paper of Wiles at 1995 as follows. Assume that



there are a prime number p > 5 and positive integers a, b, ¢ such that a? + 0P = cP.
Then the equation
y2 = (o — W)@ — o)

defines an elliptic curve E over Q which is a geometric counterpart of elliptic
functions. By proving a conjecture of Shimura (and Taniyama) substantially,
Wiles showed that the zeta function of E becomes the Mellin transform of a special
modular form, called a cusp form, of weight 2. By the fact that the discriminant of
E is (abc)?® and Frey-Ribet’s theorem, the level of this cusp form actually becomes
2 which yields a contradiction since there is no cusp form of weight 2 and level 2.
Actually, the proofs of Wiles and Ribet use algebraic geometry of modular curves
which are geometric counterparts of modular forms.

Two viewpoints of the above formulas.

(1) Identities between functions.

(2) Identities between formal power series.

Recall Riemann’s zeta function ((s) is defined as

)Y (Re(s) > 1),
n=1

Applying (2) to the infinite product of sin(x),
3 5 7

o0 2m+1
. xr X
sine = x——+ — —_—

2 2 2
- x(l—@)(l—w )(l—x )'“
7r 2272 3272

Therefore, comparing the coefficients of 2% in the both sides,

; Taylor expansion

1 (1 1 1
~3 R R
£ 1 2
and hence we can compute the special value of {(s) at s =2 as ((2) Z — =
—n 6
E LL1 Using ((2)" =¢(4) +2 ) — . sh g()dele ™
xercise sin , show =—.
i n<m n=1 nt 90

Remark. The Bernoulli numbers Bj, are defined by the power series expansion

x .z
et —1 ZBkﬁ
k=0




Then By, are seen to be rational numbers, and for any even positive integer 2n,

22n—1
(2n)!

Therefore, ((2n)/7?" is a rational number.

BQn7T2n

((2n) =

Exercise 1.1.2. Using the pentagon number theorem, prove that

/M T[a=qm =3 atm) ¢/,

n=1 m=1

where

1 (if m=1,11 mod(12)),
a(m) =14 -1 (if m =5,7 mod(12)), (: <m> : Jacobi Symbol.>
0  (otherwise).

Remark. The followings are important examples of “infinite sum = infinite product”.

Rogers-Ramanujan’s identity (given by Rogers, Ramanujan and Schur in 1917-1919).

2 o0

1

1+ — :

Z 1—q (1—qm) g (1= (1 =g 1)
2+ o0 1

1+ = .
Z 1 _ q 1 —q ) }_[1 (1 _ q5n—3)(1 _ q5n—2)
This formula is important in combinatorics and representation theory.

Mock theta conjecture by Ramanujan on the 5th order case. Put

n—1 oo
(@qo=1, (a;gn=]] (1 - aq'“) , (@90 =[] (1 ~ aqk) -
k=0 k=0
Then
i " (@)@ i g'om*
= (=G D)n (43600 (0% )0 A= (@50 )m1(0% 0 0)m )
i q" 2+n _ (qs;q5)oo(q5;q1°)oo _2 1y i q10m2
= (¢ Dn (0% 6°)oo(@®0%)os @ A= ("5 0" ) mr1(0% 4" )m

In 1988, Hickerson proved this conjecture by technical calculation. In 2008, Bringmann,
Ono, Rhoades, and Folsom gave this conceptual proof using Zwegers’ result in 2002 that
mock theta functions become the holomorphic parts of harmonic modular forms.



1.2. Infinite product of sin(z). We explain Euler’s proof of the following formula:

sin(z _xH< nw)

Since eV~ = cosz + /—1sinx,

and hence by e* = lim,, oo (1 + z/n)",

N (R =

Puttlng n=2m-+ 1 and C — eZﬂﬁ/n7

sinx =

n—1
xm—y" = J[(X-¢My)
k=0
= X-V)][&X-d)x-¢ )
k=1
= (X—Y)m X%~ 2XY cos [ 2F) 1+ v?2).
I ( (5)+r)

Putting X =1+tand Y =1—1¢,

n

(o () e ()
oLl (I (7))

Comparing the coefficients of ¢ in this both sides,

1+t —(1—t)" = 2tH{1+t — 9 1—t2)cos<27rk>+(1—t)}

and hence



Then putting t = (v/—1z)/n and letting n — oo, by (1),

- 2?2 o (Tk
mnxznh_)rgo.rkl:[l(l—chot (n))

Since

we have
and more precisely,

o 2
x
Furthermore, E ) is absolutely convergent, and hence by Proposition 1.1 below, the
T

k=1
o0 2
infinite product H <1 — :; 2) is also absolutely convergent. Therefore, we have
Pt w4k
m 2 m 2
T o [Tk B T m
[] (1‘7120‘” <n)> = I (1‘77%2) +0(13)
k=1 k=1
— ( 7r2k2> (n — 00),
k=1

and it follows that

a“ v, (7k > x?
smaz:xnh_)HolOkl:Il (1—7ﬂcot <n>> ::UH <1_7r2k2>'

This completes the proof. [
Remark.

e This formula inspired the infinite product formula of elliptic functions by Gauss
and Abel (cf. 3.1).



1.3. Proof of pentagonal number theorem. The following formula called the pen-

tagon number theorem was found in 1741 and proved in 1750 by Euler.

o0 o)

H(l . qn) — Z (_1)mqm(3m—1)/2.

n=1 m=—00
Euler’s proof (cf. [W, Chapter III, §XXI]). Put Py = [[,2,(1 — ¢") and
e .
=Y " (=g =g (1= ¢") (n>0).

=0

Then we will show
Po=1—¢"" " 2P 0 (n>0) - ().
First,
1—q—q¢*P
= 1-¢-¢{1-q+a(1-q)(1 - ¢*) +¢*(1 - g)(
)

1
= 1-¢-F(1l-9 - 1l-91l-)—¢'0-q)1 -1 —¢*) -
)

= 1-9-)-0-91-¢*) - "1 -1 -1 —¢°) -
= -9 -1 -¢)—¢' 0 -9 -1 —-¢*) -
n=1
and hence (x) holds when n = 0. Second, if n > 0, then
Py = (1—=¢")+q"(1=¢)(1—¢"™)+> ¢"(1—g")(1—q"")-- (1 -¢")
=2
- 1- q2n - q2n+1 + q3n+1 + Zqin(l _ anrl) L. (1 _ anri)

=2

_ qu-i-n n+1) . (1 _ qn—I—i)

_ 2n+1 + qu _ n+1 . (1 _ qn—i-i)




since ¢ (1 — ") -+ (1 — ¢" ) |i=1 = ¢*® — ¢®" 1. Then putting i = j +2 in (1), and

i =7+ 11in (2), we have

0o
P, = 1-— q2n+1 + qun+2n(1 . qn-i-l) . (1 o qn-‘rj-i-l)(l o qn+j+2)
7=0
0o
Zq]n+2n - n+1) . (1 _ qn+j+1)
7=0

- 11— q2n+1 + Zq]’n+2n(1 . qn+1) . (1 _ qn+j+1)(_qn+j+2)
=0

oo

- 1_ q2n+l _ q3n+2 qu(n-i-l)(l o qn+l) . (1 _ qn+1+j)
j=0

— 1 _ q2n+1 + q3n+2Pn+17

and hence (x) holds when n > 0. Therefore,
Py = 1-q-¢'P

= 1-q¢-¢F(1-¢-¢"P)
— 1_q_q2+q5+q2+5P2

_ fn(Q) + (_1)nq2+5+8+~'+(3n—1)Pn

= falg) + (-1)"¢""P,
— fn(q) + (_1)nqa(n)(1 o q2n+1 - q3n+2Pn+1)’

3n?+n

where a(n) =2+5+8+---+3Bn—1) = —g and f,(q) is a polynomial of ¢ with

degree < a(n). Hence A,(q) = fu(q) + (—1)"¢*™ satisfies
An—i—l(Q) o An(Q) _ (_1)nqa(n) (_q2n+1 _ q3n+2) — (_1)n+1 <qa(—n—1) + qa(n—l-l)) )

Therefore,

oo o0 oo

H(l—q ) =Py = lim A,(q) = Z (—1)ng*™ = Z (—1)"gBm*-m/2, O

n=1 n=—oo n=-—0oo

Remark.

e We call

o(mV=17)/12 ﬁ ( 27rfm) 1/24 H L g = o2V 1T

Dedekind’s n-function which becomes a modular form of weight 1/2.



e Using this theorem and function theory, we will show in 3.4 Jacobi’s triple product

T (1) (1) = 5 e

m=—0oQ

Convergence of infinite sums. Recall that for a series )~ a,, of complex numbers

is absolutely convergent, namely > > |a,| is convergent, then > >, a, is convergent to
the same value independent of the orders of this sum.

Definition of convergence of infinite products. If a sequence {a,} satisfies that

each 1+ a,, is not 0 and that subproducts []," (1 + a,) converges to a nonzero number
¢, then the infinite product 72, (1 + ay) is called to be convergent to c.

Proposition 1.1.  The sum Y .2, |ay| is convergent if and only if the infinite product

[, (1 + |ay|) is convergent, and then T]77 (1 + an) is convergent to the same value
independent of the orders of this product (In this case, [[2 (1 + ay) is called absolutely
convergent).

Proof. The first assertion follows from that

i | < ﬁ (1+ Jan]) < ﬁ p(lan|) = exp (iyano,

n=1

and that if |a,| < 1/2, then

m m m m
H(l +an) 7 < H (14 |an| + |an* + ) < H (14 2|a,|) <exp (22 \%\) :
n=1 n=1 n=1 n=1

The second one follows from the above property of absolute convergent sums. [
Exercise 1.3.1. For any z € C, using Proposition 1.1 show that the infinite product

1)

n=1

is absolutely convergent.

Exercise 1.3.2. Using Proposition 1.1 show that the infinite product

o0

[Ta-a

n=1

is absolutely convergent if |¢| < 1.



§2. Function theory

2.1. Holomorphic functions and Cauchy’s theorem.

Definition. A complex function is a complex valued function of a complex variable. For
a € C, f(z) is a holomorphic function at z = a if there is a neighborhood U of a, i.e., an

open subset of C containing a such that

e f(z) is a complex function defined over U,

e The limit lim M
zeU,z—a zZ—a
z — a. This limit is called the derivative of f(z) at z = a, and denoted by f'(a).

exists and is independent of ways of approaching

Remark.
e A holomorphic function at z = a is continuous at z = a.

o If f(z), g(z) are holomorphic functions at z = a, then f(z) + g(z), f(2)g(z) are
holomorphic at z = a, and f(z)/g(z) is holomorphic at z = a when g(a) # 0.

Example. The following functions are holomorphic on C, namely holomorphic at any

point on C.
e Polynomial function: a,z" + --- + a1z + ay,
e Exponential function: e* = e%(cosy +/—1siny); z = x + v/—1y,
V=12 L o—V-1z V=12 _ p—V—1z
5 , sinz = Nt .

Cauchy-Riemann’s relation. A differentiable function f(z) is holomorphic at z = a
if and only if f(2) satisfies

e Trigonometric function: cosz =

of . _of
\/—71%(60 = @(a)-

Proof. We prove the only if part by considering the two approaches a +z — a (z — +0)
and a + v/ —1y — a (y — 40). Therefore, by definition

O () = f(a) = tim L0V = Jl@) 1 OF
Ox y—0 V—1y 1oy

This completes the proof. [

(a).

Definition. Let D be a domain, namely connected and open subset of C, and C' be an
oriented path in D. Then for a holomorphic function on D, its line integral along C' is
defined as

N
ez = Jim 32 1) = 200)

10



where zg and zy are the starting and end points of C respectively.

Cauchy’s (integral) theorem (actually founded by Gauss). Let D C C be a domain,
and C C D be an counterclockwise oriented closed path such that the interior is contained

i D. Then for any holomorphic function on D,

/ f(z)dz=0.
C
Proof. Let U be the interior of C. Then the boundary oU is C, and hence by Green’s

formula,
/Cf(z)dz:/Ud(f(z)dz).

Furthermore,

d(f(z)dz) = <g‘;da§ + %dy) (dz + v/ —1dy) = (ﬁgi - g) dzx A dy

which is equal to 0 by Cauchy-Riemann’s relation. Therefore, fC f(z)dz=0. O

Application of Cauchy’s theorem. Let the notation be as in Cauchy’s theorem.

(1) Cauchy’s integral formula. For a point a in the interior of C,

e,
_2ﬂ/j1/(;z—ad'

(2) Taylor expansion. For points a,z € D such that |z — a| < d(a,dD),

o rn)(g
fe =S LW oy,
n=0

f(a)

n.

Proof. First, we prove (1). Let C(a;r) C C be a circle with center a and radius r > 0
which is contained in the interior of C'. Then f(z)/(z —a) is holomorphic outside C(a;r),
and hence by Cauchy’s theorem,

1 f(2) 1 / f(2)
dz = —— d
2my/—1 /C a7 2y Jon 2 —a
- V=18
B 1 or f (a +re ) eV T T
 2mv/—1 Jo revV—10
1 2

= o ; f(a—}—re\/jle)dﬂ.



which implies (1).
Second, we prove (2). If ¢ € C(a;r), then |(z —a)/({ —a)| < 1. Hence by (1),

_ 1 f(©)
f(Z) - 27T\/jl a dC

rnGC—2
_ fQ) (; z=a\"
N 27T\/7/a7" C a<1 C_a> dc

- RV (VI
a 277—\/?1 »/C(a;r) n:[)(z a) (C - a)n—i—l .
Therefore, if we put
" 277\/jl C(a;r) (C - a)n+1 7
then -
f(Z) = ch(z - a)n’
n=0

and hence by taking the nth derivative and putting z = a of the both sides, we have

(n)
L)
n!
This completes the proof. [
Example.
: 1 1
e = +z+§z +§z +-
L,
cosz = 1—52 —1—1,2 ,
. B I 3,15
sinz = z—gz —i-gz

Meromorphic function. Let f(z) be a complex function.

e For a positive integer m, f(z) is called to have a zero of order m at z = a if

o0

E en(z—a)"

n=m

around z = a, where ¢, # 0.

e For a positive integer m, f(z) is called to have a pole of order m at z = a if

o0

f(z) = Z cn(z —a)"; Laurent expansion of f(z)

n=—m

around z = a, where ¢_,, # 0.

12



e For a domain D C C, f(z) is called meromorphic on D if f(z) is holomorphic or
f(2) has a pole of finite order at each point on D.

Exercise 2.1.1.

e Prove that if f(z) and g(z) have zeros (resp. poles) of order m and n respectively
at z = a, then f(2)g(z) has a zero (resp. pole) of order m +n at z = a.

e Prove that if f(z) has a zero (resp. pole) of order m at z = a, then 1/f(z) has a
pole (resp. zero) of order m at z = a.

13



2.2. Residue theorem and Liouville’s theorem.

Residue theorem. Let D C C be a domain, and C C D be a counterclockwise oriented

closed path such that the interior of C is contained in D. Then for points a1, ..., ax in the

interior of C' and a holomorphic function on D — {a, ...,ax},
k
/ f(z)dz =271V -1 Z Resq, f(2)
C -
7j=1

Here Resy; f(z) = c(]) is called the residue of f(z) at z = a;, where

fz)=> Dz —a;)"

nez

denotes the Laurent erpansion.

Proof. For each j = 1,....k, let C; C C be a circle with center a; and small radius such
that C; and its interior are disjoint to each other and contained in the interior of C. Then
f(z) is holomorphic outside C}, and hence by Cauchy’s theorem,

foseue=3 [ s

Furthermore, by the following exercise,

/ f(z)dz:/ ch)(z ”dz—Z/ (2 —a;)"dz = 2nv/ — 1cY 1,
Cj Cj n
and hence

k
/Cf(z)dz = 2%\/—712 Resq, f(2)
j=1

This completes the proof. [

Exercise 2.2.1. Let r be a positive number and a be a point on C. Then for an integer

e o @,
/z—a:r(z ) I { 277\/7 ( = - )

Liouville’s theorem. A bounded holomorphic function on C becomes a constant func-

n, show that

tion.

Proof. Let f(z) be a bounded holomorphic function on C. Then for each a € C,

1) = fa) + )z —a)+ T ey

14



and hence

1) _ f@ [, )

(z—a)2 (z2—a)? z2-a p T

Since f(z)/(z —a)? is holomorphic except z = a, for any R > |a|, by the residue theorem,

/|Z:R &dz = 21/ —1Res, (ﬂz)z> =21/ —1f'(a).

(z - a)? (- a)

By the assumption on f(z), there is a constant M such that |f(z)| < M for any z € C,
and hence

N f(2)
POl = 5T -2 ®
1 £(2)
S or |G —a| P
M2t R
7%(]%_ a2 — 0 (R — ).

Therefore, f'(a) = 0 for any a € C, and hence f(z) is a constant function. [

Fundamental theorem of algebra (first proved by Gauss). Any polynomial equation

over C of positive degree has at least a solution in C.
Proof. Assume, on the contrary, that there is a polynomial
fz)=apz"+ - +a1z+ap (a; € C, a, #0)

of degree n > 0 such that f(z) = 0 has no root in C. Then g(z) = 1/f(z) becomes a
holomorphic function on C. If z # 0, then

an—1 ai ao
= niq
PO = lanl L 20 g Oy 200,
and hence
lim | f(2)] — lim 1+an—1+“_+ 0L171jL ap 1
lz|=oo |an||2|* 2|00 anz anz" an2"
This implies that
lim [g(z)] = lim = lim ——— =0,
|2 =00 lZl=oe [f(2)] Jzl=o0 |an]|2[™

and hence there is a positive constant M such that |g(z)| < 1 if |z2| > M. Furthermore,
{lg(2)] | |z| < M} is compact and hence bounded since it is the image by the continuous
function |g(z)| of the compact set {z € C | |z] < M}. Therefore, g(z) is bounded on

15



the whole C, and hence by Liouville’s theorem, g(z) becomes a constant function. This
implies that f(z) is also a constant function which is a contradiction. O

Maximum modulus principle. Let f(z) be a holomorphic function on a connected

domain D. If there exists a point a in the interior of D such that

|f(a)] = max|f(z)],

zeD

then f(z) becomes a constant function.
Proof. Take a point a satisfying the assumption, and put

M =|f(a)] = max|f(2)], F={z€D|I[f(x)|=M}.

Since |f(z)] is a continuous function, F' is a closed subset of D.

First, we will prove that F' = D. Assume, on the contrary that, F' # D. Then there is
a point b on the boundary of F' which is contained in the interior of D, and hence there
is a positive number r such that

{zeC||z—0b<r}CD.
If 0 < p < r, then

f2)=fO) + f(B)(z=b)+--- (2= <p),

and hence 1) )
Z f— / ..
z2—b z—b+f(b)jL
Therefore, by the residue theorem,
f(z) ) 1 f(z)
b) = R = dz.
1) % (z—b 2my/ =1 Joop=p 2 — b :

Since b € F and |f(z)| < M for any z € D,

/ fG) / M.
|z—bj=p Z — b |z—bl=p P

Then (x) is an equality, and hence by the continuity of |f(z)|, |f(z)| = M if |z — b|] = p.
Therefore, | f(z)| = M if |z—b| < r. Since b belongs to the boundary of F', there is a point
z on D such that |z — b| < r and z € F, and hence |f(z)| < M which is a contradiction.
Therefore, F' = D which means that |f(z)| = M for any z € D.

Second, we will prove that f(z) is a constant function. For the above a,

9(z) = f(2) + f(a)

1

(*) 1
S < -
2T

- 27

M= |f) — M.

16



is a holomorphic function on D. If z € D, then |f(z)| = M, and hence
9(2)| < £ (2)| + [f(a)| = 2M,
Since |g(a)| = |2f(a)| = 2M, we have
max |g(z)| = |g(a)| = 2M.

Therefore, ¢g(z) satisfies the assumption of this theorem, and hence for any z € D,

l9(2)| = |f(2) + f(a)] = 2M.

Since |f(2)| = |f(a)] = M, f(2) = f(a) for any z € D. Therefore, f(z) is a constant
function. [

17



§3. Elliptic functions

3.1. History from Gauss. (cf. [T]) In 1797, as an extension of

cos @ db
/ V-2 =zin? / 0 =60 =sin"! x; the inverse function of sin,
-z cos

Gauss found that the inverse function of

dz
=
has a double periodicity as a complex function.
More precisely, Gauss considered the Lemniscate curve defined as 2 = cos26 in the
polar coordinates (z,6) which is equivalent to that the product of the distances from
(£1/+/2,0) is equal to 1/2. Put X = xcosf, Y = zsinf which is the regular coordinates,

and denote by u the distance along this Lemniscate curve between the origin (0,0) and
(X,Y) with X, Y > 0. Then

u / VAX)? + (dY)2

and hence

u:/;m:/oﬂ/1+<xj§)2dx:/ox\/% ...... ).

This inverse function is extended to a smooth function z = s(u) of u € R. Put

/1 dzx
w= e
0 1— gz

Therefore, by the geometric meaning of the Lemniscate curve, s(u) has the periodicity
s(u+4w) = s(u). Furthermore, using s (v/—1u) = v/—1s(u) and the addition law of s(u),
Gauss extended s(u) for a complex variable u. Then s(u) has the another periodicity

s (u+ 4wyv/—1) = s(u), and

s(u)=0 < u=2m+2n/-1)w,
co & u={(2m+1)+ (2n—|— W-1}w

for integers m,n. Therefore, as an analogy to Euler’s infinite product presentation of
sin x, Gauss obtained an infinite product presentation of s(u) as

v I (e )

m,n=0,1,2,..., m#0
[ (1 1<u)4>
—_1)4
m,n=1,35,... (m+ny/=1)* \w

18

s(u) =




which is a meromorphic function represented as the quotient of holomorphic functions
called theta functions.

Exercise 3.1.1. Prove the above (k).

Elliptic function. A meromorphic function f(z) on C is called an elliptic function if

f(2) has double periodicity, namely there exist wy,ws € C which are linearly independent
over R such that

flz+wi) = f(2), f(z+w2)=f(2)

for any z € C. The complex numbers wy,ws are called periods of f(z).

Exercise 3.1.2. Let f(z) be an elliptic function with periods w;j,ws € C which are

linearly independent over R. Then show the followings.

e The lattice in C

L {mwi + nwsa | m,n € Z}

is a subgroup of C under the addition of numbers.
e For each a € L, we have f(z +a) = f(2) (z € C).

o Let
D = {sw; +twy | 0 < s,t <1}.

Then
{f(z) | z€C} ={f(2) | z€ D}.

Theorem 3.1. If an elliptic function is holomorphic on the whole complex plane C,
then this is a constant function.

Proof. Let f(z) be a elliptic function with periods wi,ws, and assume that f(z) is
holomorphic on C. Put
D = {swy +tws | 0 < s,t <1},

Then by Exercise 3.1.2,
{f(2) | 2€Cy={f(2) | z€ D}

whose right hand side is the image of the compact set D by the continuous function f(z).
Therefore, this image is compact, and hence is bounded in C. By Liouville’s theorem,

f(z) is a constant function. [J

Exercise 3.1.3. Prove Theorem 3.1 using the maximum modulus principle.
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3.2. Weierstrass’ p-function.

p-function. For a lattice L = {mw; + nwa | m,n € Z} of C, we define the associated
Weierstrass’ g-function as

p(2) = prL(z + ae;{o} < G—a)? ;) .

Therorem 3.2.

(1) p(2) is a meromorphic function on C which is holomorphic outside L, and has poles
of order 2 at points on L.

(2) p(z) is an even function, namely p(—z) = p(z), and for any a € L, p(z+a) = p(z).

1
(3) o +Z (2n+1 Z porre 22" at z = 0.

aGLf{O}

1 1
(4) Putgz =60 »  —. gs=140 > —. Then¢/(2)* = 4p(2)’ — g20(2) — 93.
acL—{0} aceL—{0}

Remark. If we put p(z) = z, then by (4),

d d
_1x):z:/dz:/ ?(2):/ - ,
' (2) Va3 — gox — g3
and hence p(z) is the inverse function of an elliptic integral.

Proof.
(1) Let R be a positive real number. If |z] < R, then there is a constant ¢ > 0 such
that for any a € C with |a| > 2R,

22a — 22

(z —a)?a?

c
jal®

1 1|
(z—a)? a?|

Furthermore, there is a constant » > 0 such that {z € C | |z| < r} is contained in
{swi +twy | =1 <s,t <1}. Then

o

8k
O DD S e D It R
aEL—{O} k=1 max{|m/|,|n|}=k 1
and hence
Z ( 1 _ 1)
— 2 2
a€L,la|>2R (Z ) a
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is absolutely convergent uniformly on z with |z| < R. Therefore, the assertion follows

s 2 e a)

a€L,0<]a|<2R

since

is a rational function of z with poles in L of order 2.
(2) By definition,

1 b_—a ].
p(=z 7+ Z (z—i—a _(12) zZ7 Z (z—b _bQ)_p(z)’
acL—{0} be L—{0}
and hence p(z) is an even function. Since

, 2 2 2
i P DI e P V) Rk

a€L—{0} &

is absolutely convergent in the wider sense, for any a € L,
2 —b— 2
/ _ =  c=bra Y )
p(z+a)— Z(z—l—a—b)?’ Z(Z—C)S p(Z)
beL ceLl

Therefore, for each a € L, p(z + a) — p(z) is a constant independent of z. Since p(z) is

an even function, this constant is

(o) o (5) 0B - () -0

(3) Taking the derivatives by z of

we have
1 11 2z 322 - n
Goaf a\a @@ t) Tl
n=0
R — 1 .
go(z)—?+ (n+1) Z n+2
n=1 acL—{0}

Since p(z) is an even function, this coefficients of 2™ is 0 if n is odd, and hence (3) holds.
(4) Put
f(2) = ' (2)* = (4p(2)° — g20(2) — g3) -
Then by (1) and (2), f(z) is a meromorphic function on C which is holomorphic outside

L and satisfies that f(z 4+ a) = f(z) for any a € L. By the following Exercise 3.2.1, f(z)
is holomorphic at z = 0, and hence by (1), it is also holomorphic at each point on L.
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Therefore, f(z) is holomorphic on C, and hence by Theorem 3.1, f(z) becomes a constant
function on C. Furthermore, by Exercise 3.2.1, f(0) = 0, and hence f(z) =0. O

Exercise 3.2.1. Show that LHS — RHS of (4) has a Taylor expansion at z = 0 of the
form
C1Z—|—czz2+---.

Exercise 3.2.2. Calculating the Taylor expansion of LHS — RHS of (4), show that

2

1 3 1
278:? Z@

a
acL—{0} acL—{0}
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3.3. Abel’s theorem and elliptic curves.

Aim. Following [MM], we review Abel’s proof of the addition formula of p(z) = pr(2):
1(¢'(z) — @'(w)>2
plz+w) =—p(z) — plw —i—( .
( ) (2) — p(w) o) — o)
Theorem 3.3. If complex numbers z; (1 < i < 3) satisfies z1 + z2 + z3 = 0, then
(9(20), ' (21)) (1 <i<3)
belong to a straight line.

Exercise 3.3.1. Using this theorem, show the above addition formula.

Proof. For x = p(z),y = ¢'(2), consider the equation y? = 423 —gox—g3 given in Theorem
3.2 (4) and a linear equation y = ax + b together. Then the solutions e; (1 < ¢ < 3) of
these equations satisfy

def

F(z) = 42® — gox — g3 — (ax + )% =

Moving a and b, we study e; as functions of a,b. Since

F F
dF(z) = g—dx g—da + %—bdb =0 atx =

we have F'(e;)dx = 2(ax + b)(zda + db), and hence

dr  2(e;da + db)

Since F(z) =4(x —e1)(x — e2)(x — e3),

Z 2 ezda + db —0
=1 F o

We take z; € C satisfying o(z;) = e;. Since dz/y = dp(2)/¢'(2) = dz, by (%) we have

3 2@m+@
Zﬁ 2: i =0,

i=1

and hence ¢ = 21 + 29 + z3 is a constant as a function of a,b. If we put a = 0 and let
b — 00, then each e; tends to oo, namely z; tends to a point on L. Therefore,

21+ 294+ 23 = c € L; Abel’s theorem!
and hence z; + 22 + (23 — ¢) = 0. Then the three points
(p(21), ¢'(2:)) = (e ae; +b) (1 <i<3)
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belong to the line defined by y = az + b, and this line is uniquely determined by the two

points (p(21), ¢'(21)), (p(22),¢'(22)). Since (p(z3), 9'(23)) = (p(23 — ), 9 (23 — ¢)), we
completes the proof. [

Elliptic curve. The 1-dimensional algebraic variety

E = {(z,y)|y* =42’ — gow — g3} U {o0}
= {(X:Y:2)eP? | Y2Z =4X® — g,X 7% — g32°}

becomes an abelian group with oo as its identity satisfying that if two or three points
(x4,y;) belong to one straight line, then their sum is equal to the identity co. We call E
an elliptic curve over C.

The meaning of Abel’s theorem. The map C — E given by

is a homomorphism which gives a morphism
¢:C/L—E

between complex manifolds. Since the image of ¢ is an open and closed subset of the
connected space E, ¢ is a surjection. Furthermore, if each fiber of ¢ contains two points,
then p(z) has poles except 0 which is a contradiction. Therefore, ¢ is an injection, and
hence is an isomorphism C/L = E.

Remark. The original version of Abel’s theorem is a generalization of the above theorem
which shows an addition formula on integrals of general algebraic functions.

Arithmetic of elliptic curves.

e Mordell’s theorem. Let E be an elliptic curve over Q defined by 32 = f(z),
where f(z) is a polynomial over Q of degree 3 without multiple root. Then the
abelian group

E@Q) ={(z,9) €Qx Q| y* = f(z)} U{co}

of its Q-rational points is generated by finite elements.

e Birch and Swinnerton-Dyer’s conjecture. This conjecture claims that for an
elliptic curve E over Q, the rank of E(Q) is equal to the order of the L-function
L(E,s) of E at s =1.
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e Kume’s example. The elliptic curve defined by y? = 2% — 342z has rank 2 over
@, and Kume found its linearly independent Q-rational points as

(2.1) 1452 145 - 20447 3532 353 - 23359 linearly independent
x = ;
Y 1227 123 6027 608 ’ Yy IREep
17 14 136 1
(24, g, 65> , (1‘3’;, ?5, ?;::)03) ; right triangles with area 34.

e Application to Cryptography. Elliptic curves over finite fields are applied to
factorizing integers and constructing cryptography.
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3.4. Jacobi’s theta function and the triple product.

Theta function. Fix 7 € C with positive imaginary part, and define Jacobi’s theta
function of z € C as

0(z)(=03(2)) = Z exp (W\/jlmQT + 27r\/—1mz)
meZ
— Z qm2/2 . Cm’ q1/2 _ GW\/TIT,C — 627r\/—712'

meZ

This function is not an elliptic function, however it is a holomorphic function of z having
the following property close to the double periodicity.

Proposition 3.4. The function 0(z) is a holomorphic function over C and satisfies

0(z+1) =0(2), 0(z+7) =q /*¢10(2).
Proof. Since |q| < 1, for positive integers m,

gm+D?/2 . cmtl g—mD?/2 L mmel

gCmP/2 (m

_ ’qm+1/2 _ C‘ 0, _ ’qm+l/2 ) C—l’ 0

qm2/2 . Cm

as m — 00. Then the series defining 6(z) is absolutely convergent in the wider sense, and
hence is a holomorphic function of z € C. If z — z + 1, then ¢ = €™V 1% is invariant,
and hence the function 6(z) is invariant since it is a function of . Furthermore,

0(z+ 1) Zq 2/2 (Cq)™ qu+1 71/2 <m+1 ¢ 1_ 71/24719(,2)
meEZ meZ

which completes the proof. [J
oo
Theorem 3.4 (Gauss, Jacobi). H (1-4q") <1 + q"_l/QC) (1 + q”_1/2C_1).

Proof. First, we review Gauss’ ingenious proof (cf. [T]) given in his note at 1818. Put

a" -1 (a"—1)(a" — a)tQ T (@ —1)(a™ —a)---(a" — a”fl)tn

T =1 T =@ - (=D = 1) (" =1)

Then

(1+a"t)T(n)
a —1 a(a™ — 1 a” —1)(a" — a

= v e SR e
a(a” —1)(a™ —a)---(a" — a™ )

(a—1)(a®>—1)---(a™—1)

2+

.. + thrl
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artl -1 (an—H _ 1)(an+1 _ a)

R Sy s |
@ D@ ) @ ),
e D@ D@y
= T(n+1).

Therefore, since T'(1) = 1 + ¢, we have
T(n) = (1+t)(1+at)(1+a*t)--- (1 +a""'t).
Let n = 2m be an even positive integer. Then by the above two expressions of T'(n),

a" =1, (a"-1)(a"—a), (@™ —1)(a" —a)---(a" —a™ 1)
L P D102 ) BN A s Y P DOy gy
(@ D@ —a)- (@ =),

(a—1)(a®>—=1)---(a™ —1)

= (I+t)(1+at)(1+a*) - (1+a"'t).

™+

Putting a = a?, t = o' "¢ and dividing the above formula by

("~ )(a" —a)--- (@ —a™Y) . (1—a?)(1—a??)...(1—a™?)

(a—1)(@2—1)---(am—1) t" = (1—a2)(1—at)---(1—an) (@™ )™,
we have
1+ﬁ (C+¢hH+ (( 2()1(1 Mi) (P + ¢+

(1-aM(1-a"?).--(1-a?)
11— am2)(1—antd). (1 —a2n)”
= (1+aQ+aC )1+’ +a’CH) - (1+a" )L +a" ()

(1—-a?)(1—a*)---(1—a")
(1 _ an+2)(1 _ an+4) - (1 _ a2n) ’

4 n/2 (Cn/2+C n/2)

X

Therefore, as an equality between formal power series of o whose coefficients are polyno-
mials of ¢*!,

ST amien = LtalC+ () el (Y +
meZ
= (14+a)1+al™ HA 431+
x (1-a*)(1—ah(1—-a®---

o0
— H(l _ a2n)(1 +a2n—1<)(1 +a2n—1C—1).
n=1
Then putting a = q'/2, we complete the proof. O
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Second, we give this proof using the pentagon number theorem and the function theory.

Since |g| < 1, the infinite product
1) =TT (1+ a2 (14712
n=1

is absolutely convergent in the wider sense, and hence is a holomorphic function of z.
Note that

f(2)=0 & (=-¢t"VY (neN)

1 1
& zz:l:(n—2>7'+m+2 (neN, meZ)

_ _1 1 __.n—1/2
& z-(n 2>T+m+2(<:>§— q ) (n,m € Z),

and that for any n,m € Z,

d <1+qn—1/26—27rﬁz)
dz s=(n—Y)r+m+}

_ <qn—l/2(_2ﬂ_\/_71>6—27r\/?1z>
= 2m/—1#0.

o= (nb)remt ]

Therefore, f(z) has a zero of order 1 at

1 1
(n—2)7+m+2 (n,m € Z).

Furthermore, for any n € Z,

m_m?2 mn—
O eegrre = D (—1)mgm/ZHmn=1/2)

meZ
= Z(_1)mq{(m+(n—1/2))2—(n—1/2)2}/2
meZ
_ _Z(_l)lql2/2+l(n—1/2)
leZ

by putting | = —m + (1 — 2n), we have
0(2)|<:_qn71/2 = 0.

Hence the quotient function g(z) = 6(z)/f(z) is a holomorphic function on C. Further,

_0(z+1)  0(2)
o +1) = 2 = g = 902
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and by Proposition 3.4,

0(z+71) q_1/2C_19(z) B

9HN = Fewn T ) YY)
since
f+r) = JJA+200+ ¢ 2¢)
n=1
1+q71/2C71 0 . . B
= WII/QCE(1+Q 1/20(1“‘(1 1/2¢ Y

= V).

Therefore, g(z) is a double periodic holomorphic function on C, and hence is a constant
C by Theorem 3.1. Putting ¢ = —¢~ /6, the Euler’s pentagon theorem implies that

0(2)|c—_g1s = > _(=1)™(g"/3)mEm=D2 =TT (1 - ¢"/%),
meZ n=1
and - -
_ n—2/3 n—1/3y _ 1—q/3
F@lee g = [T =020 =) = [] T
n=1 n=1
Therefore,

gz)=0=1]0~-q"
n=1

which completes the proof. [
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84. Modular forms

4.1. Eisenstein series.

Exercise 4.1.1. Show that

n{(22)

becomes a group under the product of matrices, and that SLs(Z) is not a commutative

a,b,c,d e Z,
ad —bc=1 ’

group. This group is called the modular group.

Exercise 4.1.2. Let

H={r € C|Im(r) > 0}

be the Poincaré upper half plane. Then show the followings.

e b
e For any 7 € H and v = ( “ Z > € SLy(Z), put (1) ey m—id' Then
c cT
Im(7
I () = 22

and 7 +— y(7) gives a bijective map from H onto H.

e For any 1,72 € SLa(Z), v1 (72(7)) = (m1y2)(7) (7 € H).

Definition. Eisenstein series are functions of 7 € H which appear in the coefficients of
the Laurent expansion of ©z,7,(z) at z = 0. More precisely, for an even integer k > 4,
we define the Eisenstein series of weight k as

1
Ex(1) = Z — (1 € H).
(m,n)€Z2—{(0,0)} (mT T n)
Theorem 4.1.

(1) The series Ex(T) is uniformly absolutely convergent in the wider sense, and hence

is a holomorphic function of T.

(2) The function Ex(T) of T € H satisfies that

Eo(1(7)) = By (Z:i;) (7 + ) By () (v _ ( ’ Z ) c SLg(Z)) .

(3) The function Ey(7) is represented as a (nonnegative) power series of g = €2™V=17.
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(4) Denote by

the value at k of the Riemann zeta function, and by

Uk,l(n) = Z dFt

0<d|n

the sum over the (k — 1)th powers of positive divisors of a positive integer n. Then

27‘(’\/7 Z _—

Definition. A modular form (for SL2(Z)) of weight k is defined as a function of 7 € H
satisfying the above conditions (1)—(3).

Proof of Theorem 4.1. Let L = {m7 +n | m,n € Z} be the lattice of C generated by 1
and 7 € H. Since k > 4, as is shown in the proof of Theorem 3.2 (1), there is a positive

number r such that

1 = 8 8 w— 1
) [af* = Z n)k::rkzzlnk—l < 00,
n=

aEL—{D} TL:l
and hence the assertion (1) follows.
b
Next, we show (2). For v = “ J ) € SLy(Z), the map ¢ : L — L defined as
c

oy(mT +n) = (ma + nc)T + (mb + nd) is a bijection since it has the inverse map given
by m't +n' — (m'd —n'c)T + (—m/b+ n'a). Therefore,

1 at +b 1 1
mEk <c7'—i-d) - Z oy (a)k - Z (a)k = Ei(7)

acL—{0} prl@)eL—{op ¥

since the series Ey(7) is absolutely convergent.
Finally, we show (4) from which (3) immediately follows. By taking the logarithmic
derivative of the both sides of Euler’s theorem shown in 1.1

O 2

. T
SIDQZ:Ill 1-— 53 |

n4m

n=1
we have under Im(z) > 0,
dlog(sinz) cosx 2Vl 4 9y~
LH = = = \/—]_7 —1 —2v/— nm
> dz sin x e2vV -1z _ Z

n=0

dlogz = d 1 1
RHS = —1 =— .
> dx +nz::lda: og( 27r2> x Z:(x—t—mr x—mr)
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Then by putting x

Fw—wFZq %—FZ

= 77 and multiplying the both sides by 7, we have

(),

[e.9]

1

T+n T—n

m=1

and hence by taking the & — 1(> 1)th derivative of the both sides,

1
k—1 n _ k—1
n=1 meZ
Therefore,
1 1 >
_ — 9/ —1 k k—1 n.
m%(wm)k RS A nZl” 1

Since k is even, by

Ey(T)

This completes the

Example.

Ey(7)

Es(7)

the above formlura,

2.

(m, n)EZ—{(O 0)}

22 ) B e G T

m= 1n€Z

22 k+2Z

(27T

1
(m7 +n)k

QWerlnm

k o o

2(k) + = —

2¢(k) T

proof. [

o
1+ 240 Z o3(n)q

n=1

ot
-5

T =573

(1 — 504 Z os(n ) ,
n=1
28 n
(1 — 264 Z Ug(n)q"> .
n=1

276
33.5.7

52

27T10
35-5.7-11
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4.2. Discriminant of elliptic curves.

Definition.

e The Poincaré upper half plane is defined as
H={r e C|Im(r) >0}
which gives a model of non-Euclidean geometry.

e Let k be an integer. Then a function f(7) on H is called a modular form of weight
k (for SL2(Z)) it f(7) satisfies the following conditions

(1) Holomorphic condition. f(7) is a holomorphic function of 7 € H.

b ) € SLy(Z),

(2) Automorphic condition. For any 7 € H and v = ( @ y
c

ar +b
ct +d

Fm) =1 (S5) = er + 40,

(3) Cusp condition. f(7) is expanded to a nonnegative power series of ¢ =
627“/?17— as

o0
f(r) = Z ang"
n=0
which is called the Fourier expansion of f(7).

e Denote by M, the space of modular forms of weight k.

Exercise 4.2.1.

e We define the linear combination of f(7),g(7) € My, as

(af +bg)(t) =af(r)+bg(r) (a,beC).
Then show that M}, becomes a vector space over C.

e We define the product of f(7) € M and g(7) € M; as

(f9)(r) = f(7)g(7).
Then show that (fg)(7) belongs to M.

Remark.
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1 n

0 1
the automorphic condition (2) implies that f(7 +n) = f(7). On the other hand,
T s 2V =IT gives a surjective map

e Let f(7) be a modular form of weight k. Then for any n € Z, taking v =

¢:H—>Dxd§f{qe<0\0<\q]<1}

such that ¢(7) = ¢(7') if and only if 7 € 7/ + Z. Therefore, f(7) is regarded as a
holomorphic function on D*, and hence has a Laurent expansion of q. The cusp
condition (3) says that f(7) has actually a Taylor expansion of g.

e The space M}, consists of global sections of a certain (automorphic) line bundle on
the compactified modular curve

H/SLy(Z) U {vV—-1o0},

and hence by Riemann-Roch’s theorem, M is seen to be finite dimensional. In 4.3,

we will show the dimension formula of M}, using the following theorems.

Theorem 4.2. The space My of modular forms of weight 0 consists of constant func-
tions.

Theorem 4.3. The modular form A(T) of weight 12 defined as

(60E4(T))® — 27(140E5(7))?

A(r) = (2712

=q—24¢>+---

has no zero on H, namely A(7) # 0 for any T € H.

Proof of Theorem 4.2. First, we show that

1
Dd:ef{TeH‘— < Re(r) < 5, yr|21}

N =

is a fundamental domain for SLo(Z), especially

U D) =H ).

~eSLo(Z)

It is clear that the left hand side is contained in the right hand side. For 7 € H,

- c,deZ
]

and hence there exists the value

m—min{\CT—i—dl ‘ (Z Z) GSLQ(Z)}

34




as a positive real number. Take an element

o = ( % o ) € SLy(Z)

co do

such that m = |¢oT + dp|. By Exercise 4.1.2,

In(7(r)) = (v:<j Z)eSL2<Z>>,

and hence we have

Im(yo(7)) = max {Im(y(7)) | v € SLa(Z)} --- (x+).

T:(é 1)5:(? 01>GSL2(Z),

and let n be an integer satisfying

Put

1 1
n— 5 < Re(y(7)) <n+ 3

If we assume that |T7"vy(7)| < 1, then by Exercise 4.1.2,

Im (T "o (7
im (ST"n(r) = S

which contradicts to (xx). Therefore, [T~ "7o(7)| > 1, and hence T "y(7) € D. This

implies that 7 is contained in

> Im (T_n’)/o(T)) = Im (yo(7)) .

w' Dy c |J D),
YESL2(Z)

and hence (x) holds.
Second, we prove that My consists of constant functions. For an element f(7) € My,
by the automorphic condition (2) and by (x),

{f(r) [T eH} ={f(r) | 7€ D} = {f(T)

V3
Im(7) > 2}.

Let f(q) denote f(7) which is regarded as a function of ¢. Then by the above,

(@ lo<lgl <1} ={f@ |0< g <™},

Furthermore, by the cusp condition (3), f(g) is holomorphic at ¢ = 0, and hence

{f(@) |lal <1} = {f(q) ‘ q] < 6—\/%}
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is a compact set as the image by the continuous function f(q) of the compact set
{q eC ‘ lq| < e V3 } Therefore, there exists a complex number gy with |g| < e~ V3T
such that

fq0) = max{f(q) | lq| <1},

and hence by the maximum modulus principle in 2.2, f(g) is a constant function. O

Proof of Theorem 4.3. For an element 7 of H, let L = {m +n7 | m,n € Z} be the lattice
in C generated by 1, 7, and let F(z,y) be the polynomial 42 — (), where

o(x) = 423 — 60E,(T)x — 140E4(7).
Then by Abel’s theorem in 3.3, the map

L { (pr(). 9(2) (€ C L),
00 (ze L)

gives an isomorphism from the complex torus C/L to the elliptic curve
{(z,y) e CxC| F(z,y) = 0} U{oo}.

Since C/L is a smooth manifold, if F/(z,y) = 0, then

OF , OF
_ = — —_— 2

have no common zero. By the fact that
dx)=0,y=0 & ¢(z)=¢'(z) =0 & zis a double root of ¢ = 0,

¢(z) = 0 has no double root, and hence the discriminant of ¢(x), which is defined as the
square of differences of its three roots, is not 0. Therefore, this discriminant given by

_27{<—14Ofﬁ(7)>2+;7 (—6054(7))3} _ (2212A(T)

is not 0 for any 7 € H. O

Fundamental domain for I'(2) given by Gauss.
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4.3. Enumeration of modular forms.

Aim. Using Theorems 4.2 and 4.3, we show the following dimension formula.

Theorem 4.4. Denote by My the space of of modular forms of weight k. Then we have

0 (k: odd),
0 (k <0),
, 1 (k=0),
dim¢e My, =
S I (k=2),
1 (k: even, 4 < k < 10),
| dimc My_12+1 (k: even, k> 12).
Example.
dimg Mygp = dimg Mgg + 1 = - - = dimg Migo_12x8 + 8 = dimg My + 8 = 9.
Proof.
. -1 0
e k: odd. For f(1) € My, if v = ( 0 1 ) € SLy(Z), then

—7+0
0-1

1) = £ (T2 ) = F00) = (1450 = £,
and hence f(7) = 0 for any 7 € H. Therefore, dimc M, = 0.
e k = 0. By Theorem 4.2, M}, consists of constant functions, and hence dim¢ M = 1.
e k < 0. For f(1) € My, by Exercise 4.2.1,
F(M2 - A(r)™% € Migj_12 = My = {constant functions}.
If the Fourier expansion of f(7) is represented as «,¢" + - - - with nonzero «a,, then

f(T)12 . A(T)_k — @7112q12n—k 4.

is not a constant function since a}? # 0 and 12n — k > 0. Therefore, f(7) = 0 for
any 7 € H, and hence dim¢ M = 0.
e k: even, 4 < k < 10. Since the Eisenstein series Ej(7) belongs to My,
C- Ey(r) ¥ {aEy(r) | a € C} € M.

The Fourier expansion of Ej has the positive constant term
= 1
2C(k) =2 —,
¢(k) ZQM
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and hence for f(7) € M}, with Fourier expansion ag + a1q + - -,

f(r) =

o
2¢(k)

has the Fourier expansion as $1q + ---. As is shown in Theorem 4.3, A(7) has no

Ek(’i’) c Mk

zero on H, and hence the quotient

f(r) =

QC(Ok)Ek(T)
A(T)

:51_{_...

belongs to the space Mj,_12 which becomes {0} since k — 12 < 0. Therefore,

f(r) = %&)Em) € C- Ey(7),

and hence My = C - E(7) has dimension 1.

o k: even, k > 12. If f(7) = ag + a1q + - - - € My, then as is shown above

<f(7—) - 2£-l<0k)Ek(7-)>/A(T) € My_15.
. f(r) e %&)Ek(ﬂ FA(T) - My,

where
A(T) - My—12 = {A(7) - g(7) | 9(7) € Mi—12} .
Therefore, A(7) - My_12+C- Ei(7) = Mj. Further, by the following Exercise 4.3.1,

dim¢ My = dim¢ (A(T) . Mk_lg) + dim¢ ((C . Ek(T)) = dim¢ My_12 + 1.

Exercise 4.3.1. Prove that A(7) - My_12o N C - Ex(7) = {0}.

o k=2. Let f(7) = a9+ a1q+ - - be an element of Ms. If ap = 0, then
f(T)/A(T) € My—12 = M1 = {0},
and hence f(7) is identically 0. If ag # 0, then
(£(r)/00)* € My =C - Eu(7), (f(r)/a0)” € Mg =C- Eg(r),
and hence there are constants ¢y, ¢y such that
(14 (o1 /ap)g + )2 = 1 (14240g+- - ), (14 (o1 /ao)g +---)> = e2(1—=504¢+- - -).

This implies that ¢; = co = 1 and that 2(a1/ag) = 240, 3(a1/ag) = —504 which is
a contradiction. Therefore, My = {0} has dimension 0. [
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Exercise 4.3.2. Prove that any element of My, is represented as a polynomial of Ey(7)
and Fg(7).

Theorem 4.5 (Jacobi). ForT € H, put ¢ = e2™V=IT | Then A(T) is equal to Ramanu-

jan’s delta function

g [T —qm
n=1
Proof (see [K] for its detail). Put L = Z + Z7, and o(2) = pr(z). As is shown in 4-2, if
we put (2)? = 4(p(z) — e1)(p(2) — e2)(p(2) — e3), then
(2m) 2 A(7) = {4(e1 — e2)(e1 — e3)(e2 —e3)}.
For « = 1/2,7/2,(1 4+ 7)/2, 2a € L, namely —a € « + L, and hence ¢'(a) = ¢'(—a).
Since '(z) is an odd function satisfying p'(—a) = —g'(«), we have '(a) = 0. Hence

o(a) € {e1,e2,e3}, and actually {e1, es,e3} = {p(1/2), p(7/2), p((1 + 7)/2)}. Therefore,
A(T) is expressed as

50O Q-5 b5

Put ¢ = e2w¢?1z’ and define a theta function as an absolutely convergent product:

0 _n o onr—1
0(0) = (1- ¢ T F-1 R0 S
n=1

Then 6(¢) is invariant under z — z 4+ 1 (= ¢ — () and satisfies that

6(q0) = —29(0

under z — z + 7. Therefore,

0(016)0(GG )
0(¢1)%0(¢2)?

is invariant under ¢; — q(1, (2 — ¢qC2. Let ¢ be a point on C* — (g). Then the function

(x1) of (o € C* becomes an elliptic function on C* /(q) = C/(Z + Z7) which has zeros of

order 1 at (3 = lﬂq” (n € Z), and has poles of order 2 at (3 = ¢" (n € Z). On the other

hand, for z1 &€ Z + Zr, the function

p(21) — p(z2) -+~ (x2)

of (2 = exp (2mv/—12;) is an elliptic function on C*/{g) = C/(Z + Z7) which has zero
at (o = fﬂq" (n € Z), and has poles of order 2 at (o = ¢" (n € Z), where (; =
exp (27r\/—1z1). Therefore, the function

G2

- (x1)

C(Zl, 2’2) = (*2)
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of z9 is a holomorphic elliptic function, and hence is a constant function. In a similar
way, one can see that C'(z1, z2) is also a constant function of z;. Since

- 0(¢)0(G) . 2 1
2 _ 2 _
lm, = (x1) 6(¢1)2 Aoy, (1—e2nv/=T=)2  (2my/—1)2’
-1
. 2 X _ . 27 _
z121m0 z5 - (%2) = Zl21m0 (22 2 ) =-1

which imply that C(z1,22) = — (27r\/—1)2 = (27)2. Therefore, we have the formula:

(QQ)0(GG Y
0(¢1)%60(¢2)?

which was shown in [Si, Chapter V, Proposition 1.3] using Weierstrass’ o-function. Sub-

o(z1) — plz2) = (21)2G,°

stituting this formula to (f), we have

16 12 30(=q)0(—q/?)%0(q~1/%)?

A(r) = (27r)12'(277) 0(_1)69(q1/2)69(_q1/2)6

16¢q
0(—1)*0(q"/2)*0(—¢*/?)*

o0
= qJJa -
n=1

This completes the proof. [

Corollary. The infinite product g H(l —q)H (q = ez”ﬁT> is a modular form of
n=1

weight 12.
Remark. Hurwitz, Siegel and Weil proved this fact directly.

Remark. The function
77(7_) _ 6(77\/?17)/12 H <1 _ e%n/jm’) _ A(T)1/24
n=1

is called Dedekind’s eta function which becomes a modular form of (half integral) weight

1/2. By Euler’s pentagon number theorem,

o)

(7_) _ 6(7“/?17—)/12 Z (_1)n67r\/—71(3n2—n)7"

n=—0oo

Ui
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4.4. Application to number theory.

Example 1. By Theorem 4.4, Mg has dimension 1, and hence is C- F4(7)? and C- Eg(7).

Since

274 s

n=1

278 = n
Eg(r) = 2.33.52‘7<1+48OZU7(n)q )

n=1

there is a nonzero constant ¢ such that

2
(o] oo
14480 or(n)q" =c (1 +240) Jg(ﬂ)q") :
n=1 n=1

By comparing their constant terms, we have ¢ = 1, and hence

o] 0 2
14480 Z or(n)¢" = (1 + 240 Z Ug(n)qn>

n=1 n=1
00 oo n—1
= 14480 Z o3(n)q" + 240° Z Z oz(m)os(n —m)q".
n=1 n=1m=1

Therefore, comparing their coefficients of ¢, we have
n—1
o7(n) = o3(n) + 120 Z oz(m)os(n —m).
m=1

3
Remark. Without using Theorem 4.4, we have Eg(7) = §E4(7')2 by Exercise 3.2.2.

Exercise 4.4.1. In a similar way as above, show

n—1
11o9(n) = 2105(n) — 1003(n) + 5040 Y _ o3(m)os(n — m)

m=1

using

27t >
E4(T) = m (1 + 240 Z Ug(n)qn> s

n=1
276 >
Bo(r) = ¢ 7(1—504Zo5<n>q“>,
n=1
27T10 & "
E1o(7) I (1 264Zog(n)q>
n=1



Example 2. Jacobi proved the following formula

(Z qm2> = 1—3220’1 (n/4)q" +8201

mezZ 4ln

which is regarded as an equality between modular forms of weight 2 for I'(2). By this
formula, Jacobi showed that for any positive integer n,

i }:8 > d|>o,

4
i {(m17m2,m3,m4 €Z
0<djn,atd

where 45 denotes the number of elements of a finite set S.

Example 3. Euler proved that a prime p decomposes in QQ (H) as follows:
e if p=2, then 2 = /=T (1 —v/=1)".
e if p=1mod(4), then p = (a + b\/jl) (a — b\/TI) for certain integers a and b.
e if p =3 mod(4), then p does not decompose and remains prime.

This result is an example of class field theory by Hilbert and Takagi which describes
the decomposition rule of prime ideals in abelian extensions in terms of the congruence
condition on these prime ideals.

Serre gives an example of nonabelian class field theory which describes the decomposi-
tion of prime ideals in nonabelian extensions. More precisely, let L be the decomposition
field of 23 — 2 — 1 = 0. Then L is a Galois extension over Q whose Galois group is
isomorphic to the symmetric group of degree 3, and L contains K = Q (\/—723) Let

f(r) = CIH L—q") (1-¢*")

_ 1 m2+mn+6n? 2m2+mn+3n2 . 2w/ 1T
=3 q - q ; g=¢€ .

mne” m,nel

It is known that f(7) is a modular form of weight 1 with level 23. Denote the Fourier
expansion of f(7) by > 7, a(n)g". Then the ideal (p) of Q generated by a prime p # 23
is unramified in L and its decomposition rule is described as follows:

e a(p) =2 if and only if (p) is decomposed completely in K and L, and hence (p) is
decomposed to the product of distinct 6 prime ideals of L.

e a(p) = —1 if and only if (p) is decomposed to the product of distinct 2 ideals of K
which remain prime in L.
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e a(p) = 0 if and only if (p) remains a prime ideal of K which is decomposed to the
product of distinct 3 prime ideals of L.

Ramanujan conjecture. For the coefficients 7(m) of Ramanujan’s delta function de-

fined as - -
S r(myg™ = q [ (1 - a")*,
m=1 n=1

Ramanujan conjectured the followings
(1) If m and n are coprime, then 7(mn) = 7(m)7(n).
(2) If p is a prime number, then 7 (p"*1) = 7(p)7 (p") — p*'7 (p" 7).
(3) If p is a prime number, then |7(p)| < 2p*'/2.

Later Mordell proved (1) and (2) using a theory of Hecke (Mordell?) operators, and
Deligne proved (3) using the Weil conjecture which was also proved by Deligne. More
precisely, Deligne applied the Weil conjecture to the modular curve

Xp = H/T U {cusps} = (HUP'(Q)) /T

associated with a congruence subgroup I' C SLy(Z) and to its fiber space whose fibers
are products of elliptic curves.

Example. Picture of Xgy,z)-

Shimura(-Taniyama) conjecture (proved by Wiles and others). For each elliptic curve

E over Q, there exists a positive integer N and a surjective morphism ¢ : Xp vy = E,

To(N) = { ( ) Z ) € SLy(Z)

is a congruence subgroup of SLy(Z). As its applications, we have

where

c=0 mod(N)}

e The analytic continuation and functional equation of the L-function of E:

L(E,s) = H (1 —ap(E)p~* +p1_28)_1
p: good prime
;. ap(E) =p+1-£(E(Z/pZ)).

e The Gross-Zagier formula contributes the Birch and Swinnerton-Dyer conjecture:

Rank of E(Q) = Order of L(E,s) at s = 1.

e Proof of the Fermat conjecture (see 1.1).
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§5. Infinite products in modern mathematics

5.1. Moonshine (nonsense?) conjecture and Borcherds product.

Infinite product on the modular function. Since

45 = n - n T
;EZL(T) =14+ 240203(n)q , A(T) =¢q l_Il (1—qM)** (g=e¥)

n=1

are modular forms of weight 4, 12 respectively,

455 )3 o 3 o
i(r) = qul <1+240203(n)q”> H(1+q”+q2n+...)24

n=1 n=1

= ¢ ' 4 744 + 196884q + 214937604 + 8642999704° + 202458562564
+ 3332026406007 + 4252023300096¢° + 44656994071935¢7 + - - -

is a modular function, namely satisfies that

(ar+b , a b
J <C7_+d) = j(r) for any ( . d ) € SLy(Z).

Remark. j(7) is equal to an invariant (called the j-invariant) of the isomorphism classes

containing the elliptic curves
y? = 4a® — 60E4(7)x — 140E6(7).

Theorem 5.1. Put j(q) =Y .~ _,c(n)g". Then for independent variables p and g,
. . 1 1 o m nyc(mn)
(B1) i) =il = (5 - T a-pmgmm.

m,n=1

This formula was proved independently in the 1980’s by Koike, Norton and Zagier.

Calculation of (B1). Multiplying the both sides of (B1) by

1 __ Dg
1/p—1/q p—q

we have

(B1°) 1—c(L)pg — c(2) (P*q + pg®) — c(3) (p*q + p*¢* + pg*) — - --
—c(n) (P"g+p" '+ +pg") — -
—_ (1 _pq)c(l) (1 . qu)C(Z) (1 _pqg)c(2) (1 _ pgq)c(3) (1 _pq3)c(3)

% (1 _p4q)0(4) (1 _ p2q2)0(4) (1 _pq4)0(4) (1 _ p5q)0(5) (1 _pq5)0(5) e
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Therefore, by comparing the coefficients of p?¢? in

= e(3) (PP PP+ pd®) — - = (1—pg) Do (1—p2?)
= <1 —c(1)pg + C(U(C(Ql)_l)p%]? 4. )

% (1_6(4)p2q2+...)...’
we have
of3) = () + DAV

196,884 x 196,883
864,299,970 = —20,245, 856,256 4 — oo < 270100

2

Exercise 5.1.1. By comparing the coefficients of p3¢? in the both sides of (B1’), show

—c(4) = —c(6) 4+ c(1)e(2).
. —20,245,856,256 = —4,252,023, 300,096 + 196, 884 x 21,493, 760.

Theorem 5.2 (Recurrence of ¢(n)).  Assume that Theorem 5.1 holds. Then for any
n > 6, c(n) is expressed as a polynomial over Z of ¢c(m) (0 < m < n). Consequently, for
any n > 1, any c(n) is expressed as a polynomial over Z of ¢(1),¢(2),...,¢(5).

Proof. First, comparing the coefficients of p"¢? (n > 2) in (B1’),
—c(n+1) = —¢(2n) + a polynomial over Z of ¢(m) (0 < m < n),

and hence when n > 2 (= 2n > 4), ¢(2n) is expressed as a polynomial over Z of ¢(m)

(0 < m < 2n). Furthermore, comparing the coefficients of p*"¢?, p"¢* and of p"¢?

(0 <m < n)in (B1%), we have

—c(2n+1) = —c(4n)+ a polynomial over Z of ¢(m) (0 < m < 2n),
—c(n+3) = —c(4n)+ a polynomial over Z of c(m),c(2m),c(3m) (0 < m < n),
—c(m+2) = —c¢(3m)+ a polynomial over Z of ¢(1),c(2l) (0 <1 < m),

and hence

c(m) (0 <m < 2n),

m+1) = 3 1 ial Z of
¢(2n + 1) = ¢(n + 3) + a polynomial over Z o {c(2l),c(l+2) (0<l<mn).

Therefore, when n >3 (= 2n+1>7), ¢(2n+ 1) is expressed as a polynomial over Z of
clm) (0<m<2n+1). O

Monster group. Finite simple groups are shown to be one of the followings:

e Cyclic groups of prime order,
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e Alternative groups of degree > 5 (Galois),
e Certain matrix groups over finite fields (Chevalley, Suzuki,...),
e 26 Sporadic groups which are not the above groups.

The monster group is the sporadic simple group with maximal order (54 bits), and the

sizes of its irreducible representations are
di =1, do=196883, d3 = 21296876, ...

Then Mckay and Thompson found that d,, are related with certain Fourier coefficients
c(n) of j(7) as
c(l) =di +dz, ¢(2)=di+dy+ds,..

Moonshine conjecture (proved by Borcherds (1992) based on Conway-Norton’s work).

There is a sequences { H,} of representations of the monster group M such that for each
geM,

o0
Jy(1) = Z Trace (g]m,,) 2™V -1In
n=-—1
is a modular function. Especially, if ¢ = 1, then Ji(7) = j(7) + constant, and hence
dim H,, = ¢(n).

Idea of the proof. By the denominator formula of the characters of an infinite dimen-

sional Lie algebra associated to M, we have the same infinite product on Ji(7) as for
j(7). Then by the recurrence of Ji(7) and j(7), J1(7) = j(7) + constant.
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5.2. Proof of Borcherds product.

Proposition 5.3. For a positive integer n, put

T(n) = a b a,b,c,d € Z, ‘
c d ad—bc=mn

Then we have the followings:

(1) For any v € SLa(Z), (o) = ay (a € T(n)) gives a bijection @~ : T(n) = T(n).

(2) Define a subset of T(n) as

sm={ (5 5) e | § )

Then any element o of T(n) is uniquely expressed as

a=7-5 (BeAln), veSLy(Z)),
namely, there exists a unique element (3,v) € A(n) x SLa(Z) satisfying o =y - B.

(3) Let v be an element of SLa(Z). Then for any B € A(n), there exists an element
(8',7") € A(n)xSLy(Z) such that By =~'". Furthermore, 8 — ' gives a bijection
¥yt A(n) = A(n).

Exercise 5.2.1. Prove (1).

Proof. First, we show the uniqueness in (2). Assume that 3, 8’ € A(n) and v,~" € SLy(Z)
satisfy v8 = 4/B’. Then (7/)~"'v € SLy(Z) and (7/)~1v8 = . Put

nel. [Ty fa b , fd Y
ar br+dy \ [ d V
az bz+dw |\ 0 d )’

and hence az = 0, ax = a’, bz + dw = d'. Since a,a’,d,d > 0, we have z = 0 and x > 0.

Then

Therefore, the integers z, w satisfy zw = 1, hence x = w = 1, a = @’ and d = d’. Then
b+ dy ="V and d|y| = |b—b'|. Since 0 < b,V < d and y € Z, we have y = 0, and hence

. (10
(7)17—<0 1)-
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Second, we show the existence in (2). Put

Since 5 € A(n), v € SL2(Z) and o = v3, we may find integers a, b, d, x,y, z, w satisfying
(A) a,d>0,ad=n,0<b<d.

(B) zy —yz = 1.

s t axr br+dy
(©) = :
U v az bz + dw
By (B), x, z are coprime, and hence

a = ged(ax, az) © ged(s,u)

which is a divisor of sv — tu = n. Therefore, d, z, z are determined as

g ©
a

)

Since x, z are coprime, there are integers 3/, w’ such that xw’ — 3’z = 1 from which we
will construct integers y, w satisfying (C). Multiplying this equality by n = ad, we have
axdw' — dy'az = n, and hence by (C), sdw’ — dy'u = n. Therefore, from the fact that
sv — tu = n, we have s(v — dw') = u(t — dy’) which implies z(v — dw') = z(t — dy’)
by (C). Since z,z are coprime, there is an integer m satisfying v — dw’ = mz and
t — dy’ = mx, and hence one can take integers ¢,b such that m = qgd +b 0 < b < d.
Then t = ma + dy’ = bx + d(y' + gz) and v = mz + dw’ = bz + d(w' + gz). Therefore,
the above a,b,d,x,z and y = ¢ + gz, w = w’ + ¢z satisfy (A)—(C).
Finally, we prove (3). By (2), we have

T(n)=¢ |_| SLo(Z |_| SLa(Z) - ¢4 (B)-

Therefore,

L] SLa@) 6,(8) =Ttn) = || SL2(Z) -5,

BEA(n) BEA(n)

and hence 1, is a bijection. [J
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Proof of (B1) (following Asai’s talk in Algebra Symposium). Put ji(7) = j(r) — 744,
and for each integer m > 1, using the Hecke operator define j,,(7) as

Jm(m)= > AB@O)= > i (mjb)

BEA(M) ad=m,0<b<d

Since 7 € H = (a7 +b)/d € H, j,,(7) is a holomorphic function on H, and by Proposition
5.3, for any v € SLy(Z),

Jny() = Y AB-m) = Y (-9 (8)(7),
BEA(m) peA(m)
where 1 (8) € A(m), v' € SLy(Z) such that 5-~v =+"-1,(3). Since ji(7) is a modular
function, namely

1Oy (B)(7)) = (5 (B)(7)),

and hence
(1) = D W4 (B)(7) = Gim(7).
BEA(m)
Therefore, j,(7) is also a modular function. Let
Jm(T) = Z cm(n)q"
nez
denote the Fourier expansion. Then

. (n):{ c¢(n) (n=-1,n>0),
! 0 (n<-—1,n=0),

and

d—1
b
Jm(T) = Z ch n) exp <27T\/ m—;— n)
ad=m b=0

d—

= S am) Y exp (%ﬁ%ﬂ exp <2wﬁbg).

n=—1 ad=m b=0

[y

Since d = m/a and

d—1 .

if Itiple of
Zexp (27“/_—1()(7;) :{ d (i nls?mutlpeo d),
b=0

0 (otherwise),

by putting | = (a?n)/m, we have

o)

n) = et Y ew <2ﬁm“;z%>

n=-—1 alm, m|na

- Y. (2’5) > ™ exp (2rv/ ).

lEZ alm, all
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Therefore,

and hence

e if | < —m, then

ml< m2< 1
a? a? —

which implies that ¢; ((ml)/a?) = 0, and hence ¢, (1) = 0,

e if | = —m, then

l 2
% = _mT < —1 (the equality holds < a = m)
a a

which implies that ¢, () = ¢1(—1) =1,

o if —m <1 <0, then

which implies that ¢; ((ml)/a?) = 0, and hence ¢, (1) = 0.

Therefore, j,(7) has a pole of order m at ¢ = 0, and hence there exists a polynomial ¢,,
of degree m such that

Jm(7) = em(i (7)) = O(q)
which is a modular form of weight 0, and hence is a constant function as is shown in 4-3.

Since this function is 0 at ¢ = 0, j;m(7) = @m(j(7)). Therefore,

i) = ¢ Y em =" + 0",
=0
omli(™) = ¢+ en(D)g+0(@) L g™ + me(m)g + O(?),

and hence by putting ¢o = 1,
i em(G(r) = ™+ elm—1)g™ +me(m) + O(q)
=0

= m1(i(m) + ) elm = Di(j(7)) +me(m) + O(q).
1=0

By the same reason as above, putting j = j(7) = j(q),

J-om(i) = emir(4) + D elm = Di(j) + me(m),
=0
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and hence for a variable p,

m

me(m)p™ = j - em(NP™ = em1 ()p™ =D clm = Dp™ o ()p'.

=0

By taking the sum over m > 1 of the above equality,

s = L () - p ) =p L) 4y
— dp dp ’

iRHS = j il om(f)p" —p! i:lpm +01(5)
— (i) —») <1 + iwm(j)pm> +c(0)¢o(j)
= (j—ip) (1 + iwm(j)pm> +p!
since 1 (j) = j — 744 and c(0)o(j) = 744. w”;herefore,
P = G = i) (1 - gwmo)pm) ,

and hence

dlog(p(ip) =3)) _ v 1 dip) _ d <_i ) m>

dp Jj(p)—3j dp dp

Since log(p(j(p) — 7)) = log(1 4+ p(j(p) —p~' = j)) = O(p),

By (*)7 m mn
en(i(@) = (@) = Y enma” =3 3 e (T ) "

and hence

log(p(i(p) — j(@) = =Y Lo () o

(o o INe o B¢ o]

— Z Z Z_écl(mn)pmaqna

m=1n=—1a=1

(replacing m/a, n/a with m, n respectively)

= 2 3 clmm)log (1-p"q").

m=1n=-1
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Therefore,

](p) - ](Q) = pil H (1 _ pmqn)m(mn)

m>1, n>—1
— pfl (1 o qul)cl(_l) H (1 _pmqn)61(mn)
m,n=1
— (p—l o q—l) H (1 _pmqn)c(mn) )
m,n>1

This completes the proof. [J

Theory of Hecke operators.

e For each m € N and f(7) € My = {modular forms of weight k},

TmnE = 5 (T a e,

ad=m,0<b<d

Therefore, T'(m) gives a C-linear endomorphism on Mj.

e By the property of products of double coset classes over SL9(Z), we have

ged(m,n) =1 = T(mn)=T(m)T(n),
p: prime = T (p"“) =T(p)T (p") — p*~'T (p”’l) )

o If f(7) =D 7" yang™ € My is a cusp form, i.e., ag = 0, then (T'(m) f)(7) = amg+- - .

From these facts and that the space of cusp forms in M2 is spanned by the Ramanujan
delta function A(7) = >">° | 7(n)¢"™ (cf. Theorem 4.4), one can see that (T'(n)A)(1) =
7(n)A(7) for any n € N, and that the Ramanujan conjecture (1), (2) in 4.4 holds.
Furthermore, the zeta (L-)function L(A,s) = > >°, 7(n)n~® of A(7) has the infinite
product, called the Euler product

[T @-rp+pt%)""
p:prime

which is an analog of that of the Riemann zeta function 3 772 | n™° =[], ime (1 — p) !
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5.3. Modular forms and Borcherds product.

Aim. Using (B1), we give an example of infinite product of modular forms.

Exercise 5.3.1. If f(7) is a holomorphic function on H and satisfies f(y(7)) = f(7) for
any v € SLo(Z), then

o) = L7

a holomorphic function on H and satisfies
9 a b
giv(m) = (et +d)y°g(r) (v=| _ , | €5L(2)].

Since j(vy(7)) = j(7) for any v € SLy(Z) and j(q) = ¢~ + - - -, by Exercise 5.3.1,

hry = - LB di)

B 2my/—1 dt dq

is a holomorphic function on H with automorphic condition of weight 2 and is expanded
as ¢~ ' +---. On the other hand, since E14(7)/(2¢((14)) = 1+ O(q), A(7) = ¢+ O(¢?) are
modular forms of weight 14, 12 respectively,

E14(T)
2¢(14)A(T)

has the same properties as for h(7). Therefore,

E14(7') . -
DA M)

is a modular form of weight 2 which is 0 by Theorem 4.4, and hence

Eny(7) dj(q)

x(am T gy

Dividing p — ¢ of the both sides of (B1) and letting p = g, i.e., taking the derivatives by
H (1- qm+n)0(mn)

q,
d, p—l_ —1
o ()
q p P=9 m,n>1

q
q
- 1 (1_ql>b(l); W= Y c(mn),

T iz mn>1, mtn=l

and hence
o0

Eu(r)  _ dilg) _ _ b(1)
gc(ﬁm(ﬂ — g T 1 g (1 N ql> '
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We define a theta series as

27_) — Z 627T\/jlm27' — Z qm2

meZ meZ
and put
3 al)d = (G4r) - Tapr) = 3 Y ea(mpg
l=—4 n=—1meZ

Then for any [ > 0,
9 l+ml—m
a(lP?) = Z c1(n) = Z al—5 5 )= Z c(mn) = b(l),
m,n>1, m+n=l

and hence
o

R (VRS | (S

This is a special case of the following Borcherds correspondence:

Theorem 5.4 (Proof is omitted).  Let f(7) = >z a(n)g" be a “modular form” of
weight 1/2 such that a(n) € Z and that a(n) = 0 if n = 2,3 mod(4). Then there exists
an integer h such that

o

1] a=a

becomes a modular form.
Examples.

o f(7)=120(27) = 12+ Y0, 24"
= Uyp(r) = q[72, (1 - ¢")* = A7)
o f(1)=(j(41)—"732)0(27) = (j(41) — 744)0(27) + 1260(27)

_ Bu(n) ~ Ey(7)
= Uylr) = Qg(fzf)A(T)A(T - 25?14)'

e Other examples of W(7): j(7), Ex(7)/(2¢(k)) (k = 4,6,8,10).

~—

54



5.4. Borcherds lifts.

Aim. Using infinite products called Borcherds products, we construct modular forms of
many variables with applications to

e Proof of the Moonshine conjecture that the character of the Monster group becomes
a modular function,

e Construction of Jacobi forms,
e Construction of modular forms associated with O(n, 2).
Merit. We can construct modular forms whose zeros and poles are explicitly given.

Definition. For a positive integer N, a map a : RN — Z is a wector system if the
following conditions are satisfied:

e RY {1 ¢ RN | a(l) # 0} is a finite set,
o L Spany(R) is a lattice of RV with rank N,
e For any [ € R, a(l) = a(-1),

a v 2
J, def Zzg};@(,llé )

is independent of v € RY — {0}.

Construction of Jacobi forms. For a vector system a : RN — Z. take a subset R of
R such that

RYU(-RT)=R- {0}, R"n(-R") =0,
and put

pE N aieRY, 4 Y a() e Z.

leRt leR

Then a Jacobi form ¢, (7, 2) is defined as a function of (7,z) € H x CV by
def _ n )0
palr,2) g2 TT (1-g7¢!) ",
(n,0)>0

where

q" fef exp(2mv —1nt) (n € R),
¢t exp (2mv—1(l, 2)) (L € RM),
(n,1) >0 neN,lecRorn=0,l€ R".

&

0z
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Theorem 5.5 (Borcherds,...) (Proof is omitted). ¢4,(7,2) is a holomorphic function

on Hx C called a Jacobi form. In particular, if pq is holomorphic at cusps and a(0) = N,
then
0a(T,2) = Z by (T, 2); i.e., infinite product = infinite sum
vE(L—p/2)/pnL*

for certain constants ¢, and theta functions

0(r,2) L 37— glotmia) (G gotme,
xEL*

Example 1. Put N =1, R = {0,£1}, a(0) = a(£1) = 1. Then
L=27Z, p=1, Rt ={1}, p=1, d=3,

and hence by the theorem, there is a constant c¢ such that

pa(r,2) = ¢BCPA-OJ[0-g"(1=¢" )1 —q"¢h)
n=1
— CZ (—1/2+42,—1/2+x) /2C 1/2+x
TEL
— CZ(_l)m+1q%(m+%)zcm+%'
meZ

Since the coefficients of ¢!/® of the left and right hand sides are
¢V = ¢) and e(—¢V2+ ¢
respectively, we have ¢ = 1. Therefore,

1/84 1/2 ne) (1 — qngfl) _ Z(—l)mﬂq%(mJ“%)QCer%.

meZ

||,:]8
}_L
|
Q
}_L
|
Q
~

Exercise 5.4.1. Show Jacobi’s triple product identity by substituting ¢ — —¢*/2¢ in

the above formula.
Example 2. Put N =1, R = {0,%+1,£2}, a(0) =1, a(£1) = —1, a(£2) = 1. Then

—2+8

L=27Z, p= 5

=3, RT={1,2}, p=1, d=1,

and hence

g4/ 1/21_ (1-¢")(1—¢"¢*)(1—q"¢C?)
Palr2) =€ —¢ H (I=gQ)(L—g¢h)
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Since

(=) = (2-3) /= {53}

01/2(7_7 Z) = Z(—l)mq%(3m+%)2<3m+%7

mEeEZL
9*1/2(772’) = Z(—l) G §(3m+3 )C Smf%’
mEZL
Oyo(1,2) = Y (—1)7gu@m)’imts,
meZ
Then comparing the coefficients of ql/ 24 in the theorem,
S 1/9 s
¢ 1-¢ c1/26 / +c_1/2¢" /

L Clp=Coyyp = 1.

Furthermore, comparing the coefficients of ¢%/8 in the theorem,

0= C3/2(—C_3/2). C3/2 = 0.

g2 1/21 (1-¢")(1—-q¢"¢*H(1—-q"¢?)
< —¢ H 1—q”C)(1—q"C b

= Y (-nmg: (’”*é (C3m+ +<‘3(m+5))~

meZ

Exercise 5.4.2. Show Watson’s quintuple product identity:

[[a-aa-qOu—¢'¢Ha -1 -7
n=1

Z qm(3m+1)/2 (C3m _ C73m71)

meZ

by substituting ¢ — —¢~! in the above formula.

Borcherds lift. For a Jacobi form ¢(7, z) of weight & on H x C,

d—1
(elvim) (r2) € mEt ST S dFp((ar +b)/d,a2),

ad=m,a>0 b=0

<ML<¢>><: w) S (plvgm) (7, 2) - ™5 p = exp(2mv/—1w)
m=1

Maass (Saito-Kurokawa) lift.
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Then

o(r,2) = Z c(n,1)q"¢" has weight k = 0 and ¢(n,l) € Z
nlE€Z

= exp(—ML(p)) = H (1 — ¢"¢tp™)emm) s a Siegel modular function.
nm,lEZ

As its modified version, Borcherds showed:

Theorem 5.6 (Borcherds) (Proof is omitted). For a Jacobi form

p(r,2)= Y e(nD)g"¢!

nl€Z

on H x C such that ¢(n,l) € Z, put

1 1 1 2
= 00 = A0 1 0= LS00

lEZ l€Z leZ

BP(p) ( ! j} ) o q“¢ " H (1— anlpm)c("m’l) . Borcherds lift

z (n.m1)>0
méeN, n,l ez,
;(n,m,l)>0§:>ef or m=0, neN, [€Z,
or m=n=0, leZ.

Then BP(yp) is a Siegel modular form of degree 2 and weight ¢(0,0)/2.
Remark. In general, Borcherds showed that

Borcherds lifts of Jacobi forms on H x C = modular forms attached to O(N + 2,2).
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Appendices

A1l. Rogers-Ramanujan’s identity and the mock theta conjecture

Notation. For variables a and g,

def
(a)o = (a’ Q)O - 17
n—1
(@)n = (a;9)n def H (1 — aqk> : polynomial of ¢ and a (n > 1),
k=0
(@)oo = (a;9)0 o H (1 - aqk> : power series of q.
k=0

Rogers-Ramanujan’s identity (founded by Rogers and Ramanujan independently).

Then

Ramanujan’s proof (cf. [R]).

Step 1. Put
def zq *q’ s .
F@) =1+, T-9U-¢) 1-9l-P1-¢)
Then
F(1) = Glo),
F(q) = H(q),
F(z) = F(zq)+zqF(xq) - (1).
()
_aq(l-q) | 21— z’¢°(1 —¢°)
F@)-Fleq) = —— +(1 ><1—q> T—ol-P0-¢)
q3
- <1+1_ +(1_q 1_q >
= xqF(xq)
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This completes the proof. [

Remark A1.1. F(z) is a unique power series of z satisfying (1) and that F(0) =

Exercise Al.1. Show Remark Al.1.

Step 2. Put E(x) e F(z)(1 - 2¢)(1 — 2¢*)(1 — 2¢®) - - - = F(2)(2q)0o. Then
E1) = F1)(9)e = G(9) (@)oo,
E(q) = F(0)(¢*)s = H(@)(@)oo/(1 = ),
E(x) = (1-2q)E(zq)+zq(1 - 2¢)(1 - 2¢*) E(xq®) -+ (2).

RHS of (2) = (1 —xzq)F(xq)(1 —z¢*)(1 - 2¢*)(1 —zq")- -
+ 2q(1 — 2q)(1 — 2¢°)F(z¢*)(1 — 2¢*) (1 — 2q") - --
2q)oo { F(xq) + 2qF (zq%) }

= (2q)oF(x)
— LHS of (2). O

—~
~—

Remark A1.2. F(x) is a unique power series of z satisfying (2) and that E(0) =

Key point (Genius of Ramanujan!). Put

€ n nn n— ny \ L) n—
R(x) def 1—|—Z 22 N/2(1 — zg? )((qq)) !

1 1 —2q
= 1-22¢°(1—xq )17_(]4_554619(1—35(14)

1-q1-¢)
Then

R(0) = 1,
R(z) = (1-zq)R(zq)+ zq(1 —z¢)(1 — z¢*)R(zq*) ---(3).
() Since 1 — a:q2” =1—q¢"+ qn<1 _ an)’

(1- 2 10) (1—2q)(1 - LUQQ)

]_ _
R(z) = (1 - 2%¢%) — 22¢°(1 — 2%¢%) ~—L 4 24¢" (1 — 2%¢

1- (1=l —-g¢?)
1R_(x) — R(zq)
xq
1 1—aq’
= =) {1 2P ) T )

- x6q33(1 - qu)(

(1—96613)(1—93(1)
00— - }
= 2q(1 —2¢*)R(z¢*). O
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End of proof. By the Key point and Remark A1.2,

Then putting x = 1,
R(1) = E(l) = G(0)(¢)o>

nn n— 1—(] () n_n(bn
R(].) — 1+Z 5 1/2ﬁ _ Z (_1) q (5 +1)/2.

LG = e 3 R ),
(Q)oo n=—oo
Further, putting x = g,
R(g) = E(q)=H( ) (@)oo/ (1= q),
n nnn 1_q2n+1(ﬁ) 1 - n n(on
Rlg) = 1+Z 2rgnen=1/2 — = Z (—1)ngnOont3)/2,
q 7,—x
1 o
- H(g)= —— —1)gnOnt3)/2 L (5).
@ =t n_Z@( )"q (5)

Recall Jacobi’s triple product:

H 1—(] 1_|_an—1/2)( —¢” lqn 1/2 Z "q n?

n=—oo

Then substituting ¢ — ¢° and ¢ — —¢'/2,

H(l N q5n)(1 o q5n—2)(1 - q5n—3) _ Z (_1)nqn(5n+1)/2_
n=1 n=-—00

Dividing this by (¢)eo = [y (1 —¢™),

1 1 1 n n(ni1)2 @ o
H (1= ¢on—4)(1 — g 1) - (q) Z (-1)"q (Gr+1)/2 G(q); R-R’s identity.

n=1 n=-—00

Further, substituting ¢ — q5 and ¢ — _q3/27

H(l _ an)(l _ q5n—1)(1 _ q5n—4) _ Z (_1)nqn(5n+3)/2.
n=1 n=-—00

Dividing this by (¢)o,

o0

] 1 n n(bn 5 y . .
H ) 1 — gon2) - () Z (-1)"q (5n+3)/2 &) H(q); R-R’s identity. O

n:l n=—oo
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Exercise A1.2. Show (x) and ().

Application to continued fractions.

2 3
T S (T A
L+ 1 4+ 1+ 1+
I
Since
def E(z) @) zq rq
K(z) = =1+ =1+ =
(1 - zq)E(xq) K(zq) L+ iy
_ ot rxg?
1 + 1 + 1 +
L4 ¢ ¢ BN G@x _ Gl
1+ 1 4+ 1 + (1-9E(q) H(@)(@s H(q)
and hence by R-R’s identity,
- g qf qu ﬁ 1 _ q5n 3)(1 q5n—2)
1+ 1 4+ 1 + oot 1_q5n 4 q5n—1)'

Remark A1.3. Denote the Poincaré upper half plane by H = {7 € C | Im(7) > 0}.
Then R-R’s continued fraction

g\’
I +

=

¢ 7 RRSVCEEAC)
1 1+ G(q)

+ 1 +

becomes a modular function of 7 € H, where ¢ = 2™V =17,

Mock theta conjecture by Ramanujan on the 5th order case.

2 2
i " (%0°)eo(d® ) 1+Z q'om
(—q) (4;4°)o0 (% ¢°) (@3¢ m )’
0 n 3 %) ) 00 m+119"; q
Nl (4% 6°)o0 (4% 1) oo

(4% 6%) 00 (@3; ¢°) o

2 e q10m2
q mzo (4% ') m+1(¢% 1) m

In 1988, Hickerson proved this conjecture by technical calculation. In 2002, Zwegers

n=0

obtained a fundamental result that

Mock theta functions = “holomorphic parts” of harmonic modular forms of weight 1/2.
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A2. Representation theory and infinite product

Aim. As an example of infinite products arising from representation theory, we explain
Borcherds’ proof of Jacobi’s triple product identity (cf. [C])

using the Boson-Fermion correspondence.

Definition.
def
Ly ={teL|i>0
L Z41/2={levels} =L, UL_;{ ~* def{z >0},
L. ={ieL|i<0}.
S . (admissible) state PN {e : occupied, o : unoccupied}

such that S~'(e)N Ly and S7!(o) N L_ are finite sets.

For a state .S,

Q(S) g (S~ 1(0)ﬂL+) —#(S™ 1(o)ﬁL,) : charge of S.
H(S) déf i— Z i: (total) energy of S.
—l(e)N i€S—1(o)NL_

Partition function. Z(q, z) def Z ZQ(S)qH(S)‘
S: states

Fermionic evaluation of Z(q, z).

Z(q,z) = Zz(w*_w*)q(zies+ m2ies_ ) (S4+ : finite C Ly, S_ : finite C L_)
(1+2¢*%) (1+2¢"%) (1+27'¢"%) (1+271¢%?)

i 3/2 1/2 -1/2 —-3/2
= JJ+zd) [J+2"¢
z'eL+ i€L_

H L+ 2" ) A+ 271" ().

Bosonic evaluation of Z(q, z). Let vac(n) be the state defined by

vac(n) '(e) ={i € L |i<n}.
Then for a state S with charge n, there are uniquely integers A\; > Ay > --- > 0 such that
1 1
S7e) = <Vac(n)_1(o)— {n— 3 >n—g > >n—/~c+2}>

1 3 1
U{n—2—1—)\1>n—2—i—)\2>--~>n—k+2—|—)\k}.
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Then

H(S) = H(vac(n +Z/\—7+Z/\
Z(q,z) = Zzn Z qH(S Zzn Z q”2/2+zi )\i'

ne”L S)—n neL A1>A2>->0

Define the partition function p(m) as p(0) =1 and for m € N,

i €N,
p(m) =88 (A Aoy M) | A= Ao > > A
2idi=m
Then
oo
> p(m)g™
m=0
) 1+q1+q1+1+q1+1+1+~-) (1+q2+q2+2+"') (1—i—q3+-~)"'
B 1 1 1
o l-q 1-¢> 1—-¢%
and hence
0o o)
2
Z(%z)zZz”q"/z(ZP(m)qm):H1_ mz g (2).
nez m=0 m=1 nez

End of proof. Since the left hand sides of (1) and (2) are equal, multiplying [[>";(1—¢")
with these right hand sides,

[e.o]

H(l _qn)(l _|_an71/2)( -1 n 1/2 Z Zm m2/2

n=1 meZ

Exercise A2.1. Show (x).

Remark. Put
A :  the vector space spanned by all states,
Agm :  the vector space spanned by states with energy d and charge m,

o o0
Z Z (dim Ag ) 2™¢% : the character of A.

d=0 m=—00

Then the above result states

Character formula on ch(A) = Jacobi’s triple product.
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Similarly,

Character formula on infinitely dimensional algebras
Macdonald identity = Euler’s pentagon,
Rogers-Ramanujan’s identity,

Proof of Moon shine conjecture,
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